Abstract. A topological condition is given for a locally connected compact Hausdorff space on which every complex-valued continuous function is the square of another. The condition need not be necessary nor sufficient unless the space is locally connected.
Introduction
Let X be a compact Hausdorff space and C(X) the algebra of all complex-valued continuous functions on X. Suppose that X is locally connected and A is a uniform algebra on X.Čirka [2] proved that if the following condition ( * ) is satisfied for A, then A = C(X).
For every f ∈ A there exists a g ∈ A with g 2 = f . ( * )
On the other hand C(X) does not always satisfy the condition ( * ): there is no continuous function on the unit circle S 1 whose square is the identity function on S 1 . In this paper we give a necessary and sufficient condition for a locally connected compact Hausdorff space X on which ( * ) for C(X) is satisfied. We also show that the condition is neither necessary nor sufficient for ( * ) unless X is locally connected.
Main results
Definition 2.1. Let X be a compact Hausdorff space. We say that the condition ( * ) holds for C(X) if for each f ∈ C(X) there exists a g ∈ C(X) such that f = g 2 .
Proposition 2.1. If X is a totally disconnected compact Hausdorff space, then the condition ( * ) holds for C(X).
A proof of the proposition is elementary and is omitted.
Definition 2.2. Let X be a normal space. The covering dimension dim X of X is less than or equal to n if for every finite covering A there exists a refinement B of A such that each x ∈ X is in at most n + 1 elements in B.
Note that the following is well-known (cf. [5] ): dim X ≤ n if and only if for every closed subset F of X and every S n -valued continuous function f defined on F , there exists S n -valued continuous functionf defined on X such thatf | F = f , where S n denotes the n-sphere.
Theorem 2.2.
Let X be a locally connected compact Hausdorff space. Then the following are equivalent.
The firstČech cohomology group of X with integer coefficientsȞ 1 (X, Z) is trivial and dim X ≤ 1.
by a theorem of Arens and Royden (cf. [4, Theorem 7.2]). We require two lemmas before proving Theorem 2.2. We assume in Lemma 2.3 and Lemma 2.4 that X is a locally connected compact Hausdorff space.
Lemma 2.3. Suppose that the condition ( * ) holds for C(X). Then the equality
Proof. We show that each f ∈ C(X) −1 with f (X) ⊂ S 1 belongs to exp C(X). It will follow by simple calculation that the conclusion holds. There exists a family
Hence g l (X) is a proper subset of S 1 . Therefore there exists an h ∈ C(X) such that g l = e h . Then
We have completed the proof.
Lemma 2.4. Suppose that the equalities
C(X) −1 = exp C(X), C(X) −1 = C(X)
hold, where· denotes the closure in C(X). Then the condition ( * ) holds for C(X).
Proof. For each f ∈ C(X) −1 there exists an h ∈ C(X) such that f = e h , by the hypothesis. Put g = e 
Proof. We show that for each f ∈ C(X) there corresponds {f n } ⊂ C(X)
−1 such that f n → f uniformly on X as n → ∞. For each n ∈ N, put X n = {x ∈ X : |f (x)| ≤ 1 n } and E n = X n c , the closure of X n c in X. By Tietze's extension theorem there exists a v n ∈ C(X) such that v n = |f | on E n and v n (X) ⊂ [1/n, f ∞ ]. Further we may assume that v n satisfies the inequalities 1/n ≤ v n ≤ 1/(n − 1) on X n . Since dim X ≤ 1, there exists w n ∈ C(X) such that
holds for every x ∈ X, f n converges to f uniformly on X. (#) For every j ∈ N, the range g(X) of any function g ∈ C(X) with g
Suppose not. Then g j (X) ⊃D for some j ∈ N and g j ∈ C(X) with g j
Then there exists a z 0 ∈ D such that z 0 ∈ g j (X). Choose a homeomorphism ϕ from C onto itself such that ϕ(z 0 ) = 0 and that ϕ| S 1 is identity.
1 , which is a contradiction. We have proved that (#) holds.
With (#) we arrive at a contradiction. Fix a ψ ∈ C(X) such that ψ| F = f . For each x ∈ X there corresponds a connected open neighborhood of x which satisfies the following:
where θ x ∈ [0, 2π) is an argument of ψ(x). Then by the compactness of X, X = 
